ABSTRACT The meta-distribution provides more fine-grained information on the signal-to-interference ratio (SIR) compared to the SIR distribution at the typical user. This paper studies the SIR meta-distribution in heterogeneous cellular networks (HCNs) for JT-DPB with two types of hybrid automatic repeat request (HARQ) techniques, where JT-DPB is a general scheme for base station cooperation that combines joint transmission (JT) and dynamic point blanking (DPB). This paper also considers two types of typical users-the general user and the worst-case user (the typical user located at the Voronoi vertex in a single-tier network). For the Type-II HARQ, a simplified network model is proposed, which leads to a tractable and accurate approach for the SIR meta-distribution analysis. The analytical results for the Type-I HARQ and Type-II HARQ are presented.
I. INTRODUCTION A. MOTIVATION
With the increasing demand for data rate in 5G and later, most interference management techniques are used to mitigate the inter-cell interference and enhance the cell-edge coverage for heterogeneous cellular networks (HCNs). Coordinated multipoint transmission/reception (CoMP) and hybrid automatic repeat request (HARQ) are two key techniques, which represent spatial cooperation and temporal cooperation, respectively. The goal of this paper is an improved understanding of these spatiotemporal cooperation techniques by applying the concept of the meta distribution, a recently introduced performance metric that provides fine-grained information on the signal-to-interference ratio (SIR).
The associate editor coordinating the review of this manuscript and approving it for publication was Jie Xu.
B. RELATED WORK
A key question in the analysis of wireless networks is how to characterize the interference accurately. Stochastic geometry plays an important role in addressing this question. Using the probability generating functional (PGFL) [1, Thm. 4.9] , the interference in networks modeled using the Poisson point process (PPP) can be characterized statistically, and the SIR-based performance analysis becomes tractable. The meta distribution of the SIR was recently introduced in [2] as a refinement of the standard SIR distribution (or success probability). Several studies based on meta distribution have being carried out, such as for D2D networks [3] - [5] , base station cooperation [6] , physical layer security [7] , [8] , NOMA [9] , [10] , cell range expansion [11] etc. [5] , [12] apply the concept of the meta distribution for energy and rate, not merely the SIR. Reference [13] proposes a simple approach to approximate the SIR meta distribution for general non-Poisson HCNs by relating it to the SIR analysis for the PPP. Besides, two efficient calculation methods of the meta distribution are provided in [14] , [15] .
As one of the spatial cooperation strategies, downlink CoMP transmission includes joint transmission (JT), dynamic point selection (DPS), dynamic point blanking (DPB), and coordinated scheduling/beamforming (CS/ CB) [16] . Some prior works have used stochastic geometry to model and analyze JT and/or DPB, while most of them focus on the standard success probability (SIR distribution) as the performance metric. Reference [17] analyzes non-coherent JT in terms of the SINR distribution in a single-tier Poisson cellular network and studies the effect of imperfect CSI and intra-cluster scheduling on non-coherent JT. Reference [18] uses a homogeneous PPP to model base stations (BSs) in cellular networks and provides explicit integral expressions for the success probability of the typical user with DPB, which is sometimes called inter-cell interference coordination (ICIC). The joint use of JT and DPB is mentioned in a 3GPP technical report [16] , but there are only very few works on this topic [19] - [21] . A rigorous analysis for the combined scheme of JT and DPB (ICIC), i.e., JT-DPB, is carried out in [6] , and the SIR meta distribution of the general and worst-case user with JT-DPB or DPS/DPB is calculated.
As an important error control method, HARQ is mainly classified into two categories: Type-I HARQ and Type-II HARQ [22] . For Type-I HARQ, unsuccessful received data is discarded by the user, while the received data from different (re)transmissions in Type-II HARQ are combined to attempt decoding. Several works use stochastic geometry to model and analyze HARQ. Reference [23] studies the performance of Type-I HARQ in ad hoc networks with time-correlated interference, and the outage probability, delay-limited throughput, and mean transmission time are derived in closed forms. Maximum ratio combining (MRC) is a common method for Type-II HARQ to maximize the SIR at receivers. [24] , [25] analyze the performace of MRC receivers with spatial interference correlation under Rayleigh fading and Nakagami fading, respectively. Reference [26] analyzes the performance of two types of HARQ in HCNs in term of the success probability and delay-limited throughput, where temporally correlated interference, flexible cell association, and BS load are jointly considered.
As a combination of spatial and temporal cooperation, [27] analyzes the standard success probability in downlink heterogeneous cellular networks with spatiotemporal cooperation techniques including JT, base station silencing, the Alamouti space-time code, and two types of HARQ-independent attempts and chase combining. However, the meta distribution analysis of these combined schemes is an open problem.
C. CONTRIBUTIONS AND PAPER ORGANIZATION
In this paper, we focus on the SIR meta distribution in heterogeneous cellular networks for JT-DPB with two types of HARQ. JT-DPB is a general scheme for base station cooperation that combines JT and DPB.
The contributions of the paper are:
• A spatiotemporal cooperation strategy combining spatial cooperation (JT-DPB) and temporal cooperation (HARQ) is studied rigorously.
• Two types of HARQ including Type-I HARQ (independent attempts) and Type-II HARQ (chase combining) are analyzed and compared.
• We derive the b-th moment for the general and worst-case users with JT-DPB and Type-I HARQ and the general user with JT-DPB and Type-II HARQ using stochastic geometry. Then the meta distributions are obtained from the moments.
• For Type-II HARQ, we propose a simplified network model and give a tight upper bound for the moments, whose accuracy is verified by comparing with the simulation results of original network model. This simplified network model can be used to study other transmission techniques.
• We consider two types of typical users-the general user and the worst-case user, where the worst-case user is the typical user located at the Voronoi vertex in a single-tier network, i.e., the typical cell-corner user. The remainder of the paper is organized as follows. Sec. II introduces the system model. Sec. III presents the analysis of Type-I HARQ. Sec. IV shows the analysis of Type-II HARQ based on a novel simplified model. Sec. V shows numerical results for both types of HARQ and verifies the accuracy of the proposed simplified model. Sec. VI concludes the paper.
II. SYSTEM MODEL A. NETWORK MODEL AND SIR
We consider a K -tier PPP HCN model where the BSs belonging to i-th tier are distributed in R 2 according to a homogeneous PPP i with density λ i and transmit power P i , i = 1, . . . , K . We focus on the typical user at the origin (0, 0) ∈ R 2 . Letting K i=1 i , the cooperation set of the typical user is denoted by C ⊂ , and n denotes the cardinality of C. For JT-DPB as introduced in [6] , there are m ≤ n BSs in the cooperation set with strongest average received power transmitting the same message to the typical user, where these BSs form a subset O ⊆ C. JT (m = n) and DPB (m = 1) are two special cases of JT-DPB.
Since most HCNs are interference-limited [6] , noise is ignored. Due to the time scale of the transmissions, we assume the cooperation set C and its subset O does not change in each (re)transmission of HARQ, and the average path loss terms are also time-invariant. Considering the case of non-coherent JT, the SIR of the i-th (re)transmission with JT-DPB at the typical user is given by
where the numerator is the combined desired signal power from the unsilenced cooperating BSs and the denominator is the interference power from the non-cooperating BSs; ν(x) denotes the index of the network tier of the BS located at x, i.e., ν(x) = i if and only if x ∈ i ; h x,i ∼ N C (0, 1) denotes the i.i.d. Rayleigh fading between the typical user at (0, 0) and the BS at x in time slot i; α > 2 is the path loss exponent; C c \C denotes the non-cooperation (i.e., interfering) set.
B. GENERAL AND WORST-CASE USERS
The general user is the (overall) typical user, assumed at (0, 0) ∈ R 2 in the K -tier HCN. Its cooperation set C consists of the n BSs with the strongest average received power, i.e.,
A Voronoi vertex is a location at equal distance from three BSs. A user located at a Voronoi vertex is called a worst-case user. It is natural that we restrict the size of the cooperation set to n ∈ {1, 2, 3} since these users have three equidistant BSs.
To analyze the performance, we condition a Voronoi vertex to be located at (0, 0) in and place the typical worst-case user at this location. Hence the cooperation set C of this user is a subset of the three BSs that are all closest to (0, 0), i.e.,
with
, where x i denotes the location of the i-th closest BS to (0, 0).
C. HARQ MODEL
As an important decoding method, we consider the following two categories of HARQ similar to the model in [27] :
• Type-I HARQ (Independent Attempts): This is the simplest version of HARQ. The typical user discards the received data in the erroneous transmissions and attempts decoding only from the last retransmission [27] . Given a threshold θ and a maximum number of transmissions N , the conditional success probability given the BS point process can be expressed as
• Type-II HARQ (Chase Combining): In Type-II HARQ schemes, the typical user combines the data from different (re)transmissions to attempt decoding. These schemes can be further divided into chase combining and incremental redundancy. In this paper, we focus on the chase combining scheme. After N (re)transmissions, the combined SIR using maximum-ratio combining (MRC) at the typical user is N i=1 SIR i . The conditional success probability given the BS point process can be expressed as
D. THE SIR META DISTRIBUTION AND ITS BETA APPROXIMATION
The meta distribution is the complementary cumulative distribution function (CCDF) of the conditional success probability P s (θ ). It is formally defined as [2] F(θ, x)
Since there is no known way to calculate the exact meta distribution directly, we derive it via the moments M b (θ ) E(P s (θ) b ). One approach is to obtain a piecewise approximation [14] based on binomial mixtures from the integer
andF P s (0) = 1, where u is the largest integer smaller than or equal to u. It is noteworthy that the meta distribution is the distribution of the conditional success probability P s (θ ), while the standard success probability captures only the mean of
Alternatively, it is natural and often sufficient to approximate the meta distribution by matching its first and second moments M 1 and M 2 to the beta distribution, resulting in
where
and I x (a, b) is the CDF of the beta distribution, i.e., the regularized incomplete beta function with shape parameters a, b > 0, and B(a, b) is the beta function. This approximation has been shown to be rather accurate [2] , [6] . 
III. TYPE-I HARQ
where δ = 2/α. We define the normalized path loss
as the k-th element in the ascending ordered set . The SIR of the i-th (re)transmission to the general user with JT-DPB VOLUME 7, 2019
can then be expressed as
where g k,i = h x k ,i 2 and m ≤ n.
Similarly, for n = 1, 2, 3, the SIR of the i-th (re)transmission to the worst-case user with JT-DPB is
where m ≤ n. It is apparent from (13) and (14) that the SIRs of each (re)transmission are correlated due to the time-invariance of the average path loss terms. 
. . , u n ), and 2 F 1 (·) is the Gaussian hypergeometric function. Proof: According to (4), for Type-I HARQ, the conditional success probability P s (θ ) for the general user with JT-DPB is given by
Given the point process , SIR g i (i = 1, . . . , N ) are independent. Hence (17) can be written as
where ( i . The b-th moments of P s (θ ) can be expressed as
where (a) follows from the binomial theorem. 
δ = 2/α, and 2 F 1 (·) is the Gaussian hypergeometric function. Proof: Similar to (18), the conditional success probability P s (θ ) for the worst-case user in downlink cellular networks with JT-DPB and Type-I HARQ is 
where (a) follows from the binomial theorem. The term T j in (22) follows from [6, Thm. 2] as
Since j ∈ N, (23) can be simplified to (21) by using integration by parts.
IV. TYPE-II HARQ A. SIMPLIFIED NETWORK MODEL
Here we give the formal definition for a simplified network in order to provide a tractable approach for the analysis of Type-II HARQ. Before defining the simplified network model, we re-write the SIR as
. . , γ j ). This representation highlights that the signal power is a function of the first n elements of and decomposes the interference into the contribution from the strongest interferer, denoted by I 1 , and the rest of the interference, denoted by I ! .
Definition 1 (Simplified Network Model): In the simplified network model, the interference I ! ( ∞ n+2 ) is replaced by the interference of a virtual transmitter of received power
The substitution of the actual interference I ! by its conditional mean is motivated by the fact that the variance of the interference outside a disk of a certain radius r tends to zero as r grows. To see this, let us calculate the variance of the interference I = 
According to (12) , the normalized path loss l 0 and the radius r 0 follow the relation l 0 ∼ r α 0 . Hence, the variance goes to zero with (r 2−2α 0 ). For α = 4, this is (r −6 0 ), which is indeed very fast.
B. SIR ANALYSIS IN THE SIMPLIFIED MODEL
Based on the simplified network model, the SIR of the i-th (re)transmission to the general user with JT-DPB and Type-II HARQ can be expressed as
. (27) Given γ n+1 , since g k,i = |h x k ,i | 2 are i.i.d. exponential with unit mean, we have
where (a) follows from Campbell's theorem for sums [1, Thm. 4.1] , and the intensity function λ(x) of is given in (11) , and
Hence, the SIR of the i-th (re)transmission to the general user with JT-DPB and Type-II HARQ is
C. MOMENTS
In this paper, we restrict ourselves to the case of N = 2 (re)transmissions for Type-II HARQ. Its moments are given as follows. 
V. NUMERICAL RESULTS
Here we illustrate the analytical and simulated results for both types of HARQ. Fig. 1 and Fig. 2 show the accuracy of the approximated results for the general user with JT-DPB and Type-II HARQ calculated by (31), compared with their simulation results. Theorem 3 and the meta distribution derived from it provide very tight upper bounds for the actual values. It is noteworthy that the larger n, the better the approximation. The reason for this is that for larger n, the interference powers from the individual BSs become more comparable and smaller, hence their sum is better approximated by the mean, see (26) . Fig. 3 and Fig. 4 show the success probability and variance of the two types of users with JT and HARQ, and Fig. 5 plots the beta approximation of the SIR meta distribution.
For the general user with Type-I HARQ and no cooperation (n = 1), Fig. 6 shows the reliability of the ''10% user'' with the SIR threshold θ = 0 dB, i.e., the reliability x that 90% of the users achieve but 10% do not, and the success probability. The success probability indicates a very limited gain in increasing N from 9 to 10, while the 10% user performance reveals that there is still a noticeable benefit. Specifically, as N is changed from 9 to 10, the gains in the success probability and the meta distribution (in terms of x) are about 0.008 and 0.038, respectively. Fig. 7 shows a comparison between the two HARQ techniques. It reveals that Type-I HARQ with N = 3 is very close to Type-II HARQ with N = 2. (Mean) success probability and ''5% user'' reliability with the SIR thresold θ = 0 dB for the general user with Type-I HARQ and JT, given the fixed n + N from 2 to 9. Each line has a fixed n + N, and the digit near the markers is the cardinality n of the cooperation set C. (a) Success probability. (b) ''5% user'' reliability. of (n, N ) that gives the best performance can be determined, in terms of the mean success probability and in terms of the performance of the 5% user. As shown in Fig. 8(b) , the combinations with the best performance for fixed n + N are keeping a balance between spatial and temporal cooperation. For example, given n + N = 6, the combination of (n, N ) with the best performance is (3, 3) .
VI. CONCLUSION
In this paper, we study the SIR meta distribution in HCNs for JT-DPB with two classes of HARQ, which provides more fine-grained information than the standard success probability. For Type-I HARQ, the link reliability and the reliability of user percentiles are obtained analytically. The results reveal that the standard success probability does not capture the benefit to the user percentiles of increasing the number of transmissions, and the comparison with Type-II HARQ shows that Type-II HARQ achieves comparable performance with N = 2 as Type-I HARQ with N = 3. Besides, our results indicate that a balanced combination between spatial and temporal cooperation achieves the best performance. The future work includes the SIR meta distribution analysis of another type of HARQ-incremental redundancy HARQ (HARQ-IR), which is regarded as the most sophisticated HARQ since it retransmits redundancy bits rather than the same signal.
APPENDIX PROOF OF THEOREM 3
According to (5) , given the point process , the conditional success probability P MRC
Given the point process , SIR 
where (a) follows since 
and the conditional PDF of Z follows as
Using this conditional PDF of Z , the expectation over Z in (33) can be computed as 
where the joint PDF of γ = (γ 1 , γ 2 , . . . , γ n , γ n+1 ) is given by [6, eq. (15) ], i.e., for 0 < γ 1 < · · · < γ n < γ n+1 ,
By changing the variables of this integration, i.e., letting u j = π K i=1 λ i P δ i r δ j , j = 1, 2, . . . , n + 1, (37) can be simplified to (31).
